WTW158 2005 Semestertoets 2 Antwoorde

WTW158 2005 Semester test 2 Answers

Beantwoord vraeltot 150p dieMERKLEESVORM se KANT 1
Answer questions 1to 15 onthe OPTIC READER FORM on SDE 1

Vraag 1/ Question 1

As/If f(x) = cos®x danis/then f'(x) =

(1a) -3sin®x

(1b) 3cos*xsinx

(1c) -3cos’xsinx | (1d) geenvan hierdie nie/ none of these

Ans. f'(x) =&

4 cosd

Vraag 2 / Question 2

X = (3¢0s?X)(—SinX) = —3¢0s?XsinX

(1c)

'n Formulevir D} (e7%) kan die volgende wees/ A formula for D} (e7®) appearsto be

(2a) e

(2b)

2" | (2c) (-2)"e | (2d) geenvan hierdienie/ none of these

Ans. f(x) = e,

f'x) = 2%, {'(x)=

L fM(x) = DY (e7%) = (-2)"e .

Vraag 3/ Question 3

(22, 1) = (DD(De™,...

(2¢)

Die vergelyking van die raaklyn aan die grafiek van y = In3x in x =1 is
The equation of the tangent lineto thegraphof y =In3x at x =1 is

(3a) y=2(x-1) |(38b) y=x-1 |(3c) y-In3=%(xx-1) |(3d) y-In3=x-1
Ans dyy=Ldin3x) =2 =41 . =1
As/ If xl—l danis / then yl—ln3(1)—ln3 en/and m = X =L =1

. dievergelyking van dieraaklynis/ ..

y-y1=mX—-X1) =>y-In3=1x-1)

x=1 €9

the equation of the tangent lineis:

(3d)
Vraag 4/ Question 4
coshx — sinhx =
(4a) 1 | (4b) e |(4c) Lex | (4d) e~
Ans.  coshx—sinhx = €& _ g-eX _ She(eel) _ gx
(4d)
Vraag 5/ Question 5
4 [cos3+e"! +Insect] =
(5a) -sin3+e*t+-L1- | (5b) e*l+tant
(5¢) -sin3+e*l+tant | (5d) —sin3+ (t+1)e' + cost
Ans.  S[cos3+e"! +Insect] = e+t 4 =L _ el 4 tant
(5b)

Vraag 6 / Question 6

lim Z2=2 jsdieafgeleidevan / lim Z£=2 jsthe derivative of

X5 x-5

X5 x-5
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(6a) f(x) =2~ (6b) f(x)=2*-32in/at x=5
(6c) f(x)=2%in/at x=2 | (6d) geenvanhierdienie/ none of these

Clim 2532 _ iy (230 _ i (2982-(2%-82) o f0-A5) g
Ans:lim £ = lim == = lim = — = Jim Se= = 16)
(6b)
Vraag 7 / Question 7

Beskou die funksie f(x) = x— 3Inx op dieinterval [1,4]. Die globale(absolute) maksimum van f is
Consider the function f(x) = x—3Inx ontheinterval [1,4]. Theabsolute maximumof f is

(7a) ~-02% |(7b) ~-0.159 |(7c) 1

(7d) geenvan hierdie nie/ none of these

Ans: f'(x) = L(x-3lnx) = 1-3(%) = %2, f"(x) = %
Kritieke getalle/ Critical numbers. f'(x) =0 © x-3 = O X =3,

f'(x) 3 as/if x=0 ¢ Ds¢

- X = 3 isdieenigste kritieke getal / .. x = 3 isthe only critical number

maar / butf"(3) = % > 0

. f het'nlokaeminimumin x = 3 nl. f(3) = (3) - 3In(3) = —0.29584

- f hasalocal minimumat x = 3 i.e. f(3) = (3)-3In(3) = —-0.29584

Volgens die Ekstreemwaardestelling sal f altyd globale ekstreme hé, want f(x) = x— 3Inx

is kontinu op die geslote interval [1,4].

According to the Mean Value Theorem f has absolute extremes, since f(x) = x— 3Inx

is continuous on the closed interval [1,4].

Bereken die funksie-waardes in die eindpunte. / Calculate the function values at the endpoints.

f(1) = (1)-3In(1) =1

f(4) = (4) - 3In(4) = —0.15888

.. Die globale(absolute) makssimumvan f is f(1) = 1/ .. The absolute maximumof f is f(1) = 1

(7¢)

Vraag 8/ Question 8
Die afgeleide van die funksie f(x) =
The derivative of the function f(x) =

is
is

x
4

2_4

(8a) L+ |(8h) E)((:_:;Z (8 c) (X"22+44)2 (8d) geenvan hierdie nie/ none of these

1(x2-4) —x(2x) —(x%+4)

Ans 00 = S(%) = -

e )’

(8b)
Vraag 9 / Question 9

Laat / Let f(x) = &, met/with f'(x) = Tx)2'
Die kritieke getal(le) van f is/ The critical number(s) of f is(are)

(9a) -1 | (9b) 0 |(9c) Oen/and -1 |(9d) geenvanhierdienie/ none of these

Ans. f'(x) =0 viraIIe/foraII X.
(of /or f'(x) = =0 < 1 = 0 onmoontlik / impossible)

f'(x) 2 as/|f 1+x=0e x=-1¢ Ds
Geen kritieke getalle / No critical numbers

(9d)

Vraag 10/ Question 10
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f(x) = 3x3 —x stygop / f(x) = 3x3 — x increases on
(10a) (-»,0) |(10b) (0,8) | (10c) (8,x) |(10d) (O,»)

. 2 =1 2-
Ans: f'(x) = L (3x% -x) =3(&)x7 -1= %

f stygas/increasesif f'(x) >0 < @ >0

z
x({X)?:  2-¢x)¥x >0

y=2
as/if x>0 danmoet/then 2-¥x)>0=2> X = x< 8
S~ X>0en/and x< 8 . xe(0,8)
as/if x< 0 danmoet/then 2-¥x)<0=2< IX => x> 8
~X<0en/and x> 8 .. geenoplossing / no solution
(10b)

Vraag 11/ Question 11
Laat/ Let f(x) = x+J1—-x met/with f'(x) = 1— z/%'
In x =2, hetdiefunksie f / At x= 2, thefunction f has

(11a) ’nlokale(relatiewe) minimum/ alocal(relative) minimum

(11b) ’nlokale(relatiewe) maksimum / a local (relative) maximum

(11c) ’nglobae(absolute) minimum / an absolute minimum

(11d) geen ekstreemwaarde nie/ no extreme value

. ' _1__1 _2JIx-1 — 1 _ —Y _ 1
Ans: f(x);l =Y = =002/l-x-1=0e 41 =3
o (I-x)'=(3)?o1-x=1ax=2
=
L) = & (1- ZJiTx ) = %(1—%({%—)() )
- (F)(FH)A-0FTE) = FA-07
LfT(3)y =2 (1-2)T = (1)E=2<0
f het’nlokae(relatiewe) maksimum/ f has alocal(relative) maximum
(11b)

Vraag 12 / Question 12

Beskou die funksie f(x) = x+ cosx op dieinterval [0,27]. Danis f konkaaf nabo op
Consider the function f(x) = x+ cosx ontheinterval [0,27]. Then f isconcave up(upwards) on

(12a) [0,£) en/and (%,27] (12b) (%,2n] (12¢) (%37”)

(12d)  geeninterva nie/ no interval

Ans.  f'(x) = &(x+cosx) = 1—sinx
f'(x) = & (1-sinx) = —cosx
f iskonkaaf naboasf”(x) > 0/f isconcave up(upwards) if f”(x) > 0

& —cosx> 0 e cosx< 0 e xe (£,%) o
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(12¢)

Vraag 13/ Question 13
Die vergelyking(s) van die horisontale asimptoot(asimptote) van f(x) = 1fxex is
The equation(s) of the horizontal asymptote(s) of f(x) = & is(are)

1+eX

(13a) y=-1en/and y=1 |(13b) x=1 |(13c) y=0en/and y=1|(13d) y=0

Ans.  |lim-& =-2 =0

X—>—c0 1+€X 1+0

.y = 0 is’nhorisontale asimptoot (links) / .. y = 0 isa horizontal asymptote (to the left)

i o Vorm/ Form
xl—[D) 1+eX 0
3
— lim £ "Hbésni i e
= l'ﬂ.l & (L'Hospital) of / or )I(Lrg o (2-1)
=liml=1 =lim=-=1
X—0 X—0 ?4.1

.y =1 is’'nhorisontale asimptoot (regs) / .. y = 1 isa horizontal asymptote (to theright).

(13¢)

Vraag 14 / Question 14
; snx
x—0 Snhx

(14a) =1 | (14b) =0 | (14c) =o |(14d) bestaan nie/ doesnot exist

- i Sox Vorm/ Form
Ans. lem o
0

= limx  (L'Héspital)

x—0 Ccoshx
= % =1
(14a)
Vraag 15/ Questions 15
Beskou die grafieke in die onderstaande skets. Watter van hierdie grafieke stel die funksie f,
die eerste afgeleide f' en die tweede afgeleide f” voor?
Consider the graphsin the sketch below. Which of these graphs represent the function f,
thefirst derivative f' and the second derivative f"?
¢ (15a) aisf, bisf en/and cisf”
a .
5 (15b) cisf, aisf'en/and bisf”
/ ", : : :
Cawe” \ e (15¢) bisf, cisf'en/and aisf’
\ - (15d) bisf, aisf' en/and cisf”
‘b (15€) geen van hierdie/ none of these

Ans. cisf, aisf'en/and bisf”,

want ¢ = f styg oral en dit stem coreenmet a = f’' > 0,

verderas b=a' =f" = 0 het ¢ 'nbuigpunt wat coreenstemmet b=0en b > 0 vir x< 0
(c konkaaf nabo) en b < 0 vir x > 0 (c konkaaf na onder).

since ¢ = f isincreasing and that correspondswith a =f' > 0, alsowhen b=a' =f" =0,
¢ hasaninflection point and that correspondswith b =0 and b > 0 for x < 0O

(c isconcaveup) and b < 0 for x > O (c isconcave down).
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BEANTWOORD ALLE VERDERE VRAE OP HIERDIE VRAESTEL
en TOON alle bewerkings duidelik aan

ANSWER ALL THE FOLLOWING QUESTIONS ON THE SCRIPT

and SHOW all computations clearly.

Vraag 16 / Question 16

Bepaa die eerste afgeleide van elk van die volgende funksies.
Find the first derivative of each of the following functions.
(i)  f(x) = secx

Ans: f'(x) = Z-(sec®x) = 2secx(secxtanx) = 2sec?xtanx

(i) y=sn1(@3x?) (Notasie/ Notation: sin"!x = arcsinx = bgsinx)
W o d (gn-lay2y) — 6x
Ans. £ =& (sin™(3x%)) IECaE

(i)  f(x) = x2Inx
Ans: f'(x) = L (x%Inx) = 2xInx+x? x + = 2xInX + X
iv)  ft) = 102

Ans:  f'(t) = £(10%) = 10%(2)(In10) = 2In10 x 10*
(want as/ sinceif y = 10 danis/then Iny = In10% = 2tIn10
~ Adny) = £2tIn10) & + & =2In10 .. & = y(2In10) = 10?(2In10) = 2In10x 10? )
[4]

Vraag 17 / Question 17
— - e Ay 1
Bewysdat as y = tan"'x, danis - = s
Provethatif y = tan~'x then & = L.
1+x
(Notasie/ Notation: tan~'x = arctanx = bgtanx)

Ans. y=tan'x o tany=x en/and xe R en/and y € (&,%
1

a - d 2ydy _ 4 _ 1 _ 1 _
o (tANY) = 5 (X) & STy = le d T sc?y  tan?y+l x4l
\)1+x2
X
i ! dy 1 1 1
of uit/ or from L A = - =

Vraag 18 / Question 18

Laat f(x) = sinx en neem aan dat I)(lﬂ)\% =1en Qm&ﬂ = 0.
Gebruik die definisie van die afgeleide (eerste beginsels) om f'(x) tevind.
Let f(x) = sinx and assume that lem% =1 and I)!m&;“l = 0.

Use the definition of the derivative (first principles) to find f'(x).
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Ans. f'(x) = lim s'n(x+:)—s'nx = lim sinxcosh+c?15xsinh—sinx
h-0

. h-0 ;
— |im Snxcosh-sinxtcosxsinh  _ |jyyy SnX(cosh—1)+cosxsnh
h~0 h

h-0 . )
= lim SR ¢ lim<sonh - (limietwette / laws of limits)

= sianhirQ(COShT‘l) +cosx|hino1% = sinxx 0+ cosx x 1

(want/since lim3X =1 en/and lim<L =0 o limEth — 1 en/and lim-<s-L = Q)
x>0 * x>0 X h=0 h h-0 h

.o d oo !
. ¢ Sinx = f'(x) = cosx

[3]

Vraag 19/ Question 19

Toon aan dat die kromme y = 6x° + 5x — 3 geen raaklyn met helling 4 het nie.
Show that the curve y = 6x3 + 5x— 3 has no tangent line with slope 4.

Ans: & = 4 (6x3 1 5x-3) = 18x? + 5
helling van raaklyn / slope of tangent line:

;—‘i =45 18x°+5=4 < 18x> = -1  onmoontlik inR / impossiblein R

Vraag 20 / Question 20

Laat/Let y = g(X).

As y+xsiny = x2 en g(1) = 0, gebruik implisiete differensiasieom g'(1) tevind.
If y+xsiny = x? and g(1) = 0, useimplicit differentiation to find g'(1).

Ans:  (y+xsiny) = 2 (x?)
& X 4 1siny +xcosy &L = 2x

&

< =2 (1+xcosy) = 2x—siny
o 8§ _ 2x-sny

‘dx — 1+xcosy

= g'(X) = Tk as/if y = g(x)
= /(1) _ 21)-s€ngl) _ 2-sn0 _ 2-0 _
g 1+(1)cosg(1) 1+cos0 1+1
[3]
Vraag 21 / Question 21

(i) Indien moontlik, skets’n grafiek van enige funksie wat kontinuisin x = 1 maar nie
differensieerbaar isin x = 1 nie, andersins verduidelik waarom dit onmoontlik is.
If possible, sketch a graph of any function that is continuous at x = 1 but not
differentiableat x = 1, else explain why it isimpossible.

of/oryz(x—l)% //

Ans. bv. y=[x-1]

of / or of / or ens., ens. / etc., etc.

I 1 \

Enige funksie wat ' n skerppunt of 'n vertikale raaklynin x = 1 het.
Any function that is not smooth, or has a vertical tangent lineat x = 1..
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(it) Indien moontlik, skets’n grafiek van enige funksie wat differensieerbaar isin
x =1 maar niekontinuin x = 1 isnie, andersins verduidelik waarom dit onmoontlik.
If possible, sketch a graph of any function that is differentiableat x = 1 but not
continuousat x = 1, elseexplain why it isimpossible.
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Ans:

Onmoontlik om so’ n funksie te skets, want volgens ' n stelling ,

as f differensieerbaar isin x = 1 is f ook kontinuin x = 1 (Stelling 4 p 171)
Impossible to sketch such a function, since according to a theorem,

if fisdifferentiableat x = 1 then f isalso continuousat x = 1 (Theorem4 p 171)

Vraag 22 | Question 22

Voltooi die Middelwaardestelling: As f kontinu op [a,b] en differensieerbaar op (a,b) is, dan...
Complete the Mean Value Theorem: If f iscontinuouson [a,b] and differentiable on (a,b)
then...

Ans. bestaandaar'n c € (a,b) sodat f'(c) = —f(b%:‘;(a)_
thereexistsa ¢ € (a,b) suchthat f'(c) = %

Vraag 23 / Question 23

Bepaal Iirg\(cosx)% indien dit bestaan. / Find Iir(p(cosx)% if it exists.
x-0" e
. 1 Vorm/ Form

Ans.  lim(cosx)* ( )
x-0" 1*

Laat/Let y = (cosx)% danis/then Iny = In(cosx)% = 1 In(cosx)

. T Vorm/ Form
- lim Iny = lim < In(cosx)
x-0" x-0"

wox0
_lim In(cosx) Vorm/ Form
B x-0* X 0
0

—lim=&  (L'Hospital)
x-0*

= lim(-tanx) = 0
x-0*

. . lim In
Ilr(py = I|rg1e'ny —eeor V=gl =1
x-07 x-07

Vraag 24 | Question 24

Skets’n funksie wat aan al die volgende voorwaardes voldoen.
Sketch a function that satisfies all the following conditions.

¢ f(0) =1 en/and f(4) = 2
f'(x) > 0 viradle/forall x+ 2
f het 'nvertikale asimptoot in x = 2/f hasa vertical asymptoteat x = 2

f’(x) >0 as/if x<2 of/or x> 4

¢
¢
¢
¢ f’(x) <0 as/if 2<x< 4
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Ans:

f’(x) > 0 viralle /forall x = 2

y
Styg en daal diagram / Increasing and decreasing diagram A
|
|
2 4\
f’(x)>0as/if x<2 of/for x> 4 .-/I . /
f/(x) <0 as/if2<x< 4 T/ I \ A

Konkawiteits diagram / Concavity diagram /
p. ]
N A HEHREE >

2 4

Vraag 25/ Question 25

"'nVrou by 'npunt A op die oewer van’n sirkelvormige meer met radius 2 km. wil aan die ander-
kant van die meer by 'npunt C lynreg teenoor punt A uitkom. Sy kan stap teen’n tempo van

4 km per uur enroei met 'n boot teen 2 km per uur.

Assyvanpunt A tot by punt B roel endanvanaf punt B na C loop, is dietotale afstand afgelé
4cos6 + 46. Op watter wyse moet sy dit aanpak as sy in die kortste tyd moontlik punt C wil bereik?

Awoman at apoint A on the shore of a circular lake with radius 2 km wantsto arrive at the
point C diametrically opposite A on the other side of the lake. She can walk at a rate of 4 km
per hour and row a boat at 2 km per hour.

If sherowsfrompoint A to point B and then walks from point B to C thetotal distance
travelled is 4cos@ + 40. How should she proceed if she wants to reach point C in the shortest
possible time?

B
>

Ans:

Afstand = AB +boogBC = 4cosf + 40 / Distance= AB + arcBC = 4cosé + 46
~Tyd= —AB 4 D0OBC i jpe_ _ AB | arcBC

spoed (roei ) spoed (loop) speed (row) speed (walk)
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Tyd/Time=T(6) = 4% + % = 2c0s0 + 6

T'(0) = S(2c0s6 +6) = —2sinf +1

Kritieke getalle / Critical numbers:

T'@) =0 -2snf+1=0

& sing = 2, en/and 6 € [0, %]

L 0=F

T"(£)=-2cosL£ =-J3 <0

(of /for T"(9) = S-(-2sinf +1) = —2cosf < 0 as/if 6 < [0,£].)

5 T(£) =2cos(£) + (£) = 2.256 is'nlokale maksimum / is a local maximum

Maar, volgens die Ekstreemwaardestelling sal T altyd globale ekstreme hé, want T(6) = 2cosé + 0
is kontinu op die geslote interval [0, ]

But, according to the Mean Value Theorem T has absolute extremes, since T(8) = 2cosé + 0
is continuous on the closed interval [0, %]

Bereken die funksie-waardes in die eindpunte. / Calculate the function values at the endpoints.
T(0) = 2cos(0) + (0) =2 en/and T(£) = 2cos(%) + (%) = £ = 1.571

L2 <2<2.25

Dus sd dit haar die kortste tyd neem om die hele afstand te stap.

Therefore the shortest time will be when she walks all the way.
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